Abstract -Darouach [1] recently derived necessary and sufficient conditions for the existence and stability of functional observers with an order, p, equals to the dimension m of the vectors to be estimated. In general, these conditions are difficult to satisfy and when they are not, the only available option is to increase the order of the functional observers. This note presents new conditions for the existence of a general pth-order functional observer. Systematic procedures for the synthesis of reducedorder functional observers are given. A numerical example is given to illustrate the design procedures.
I. INTRODUCTION
This note revisits the problem of designing reducedorder functional observers for linear time-invariant multivariable systems [1] . Consider a system described by This problem has been the subject of numerous papers and different algorithms have been proposed (see, [1] - [13] and references therein). A well-known Luenberger's classic result [2] provides an upper bound on the order of the functional observer with
, where v is the observability index of the pair (C,A). Since then, attempts have been made to reduce the order of the functional observer [1, 3] - [13] . Darouach [1] recently presented both necessary and sufficient conditions for the existence and stability of functional observers with an order m p = . When these conditions are not satisfied, one is left with no choice but to increase the order of the functional observers. A natural question that arises is by how much should the order be increased? However, at present, conditions for the existence of a general pth-order,
To provide further motivation for the need of such results, let us now consider an example of [8] with the following matrices It is easy to verify that the condition of [1] (i.e.
) for the existence of a secondorder observer, i.e. , 2 = = m p is not satisfied. Therefore, the second-order functional observer does not exist and the design procedure of [1] fails to work. On the other hand, it is easy to verify that the observability index of the pair (C,A) is v=4. Hence
and a fifthorder classic Luenberger observer exists and can be easily designed.
We are now left to ponder if there exists a third-order (p=3) and/or a fourth-order (p=4) functional observer for the system? If so, how can they be systematically derived? This note will provide an answer to these questions and will show that a stable minimal third-order functional observer does indeed exist and can be easily derived. Also, a fourth-order functional observer, with any prescribed stability, can be easily derived. Motivated by the work of Darouach [1] 
In view of (1d), let us partition F, L and A as follows (6) and (1d) into (3)- (5), the following set of equations are obtained
LB H (7) and
Matrices H, M and Q are easily derived from (7) once the bilinear problem (8) 
The following new conditions for the existence of a stable pth-order functional observer are given.
Theorem 1:
There exists a stable pth-order functional observer (2) for the system (1) provided that the following two conditions are satisfied 
is a full row-rank matrix, let us define the following full row-rank matrix
where
Post-multiply (10b) by [ ]
Now, using (10a), the left-hand side of (9a) can be expressed as
Similarly, using (10a), the right-hand side of (9a) can be expressed as
Using (14), the Condition 1 is therefore proven. Thus, upon the satisfaction of the condition (9a), a solution to equation (13) always exists. What is left to be proven is the condition to ensure that matrix E is Hurwitz. A general solution to (13) is given by [14] ) (
where Z is an arbitrary matrix of appropriate dimension and 
From (17), matrix E is stable provided that the pair (G,N) is detectable. This implies that the following condition must be satisfied
We will show that (18) holds provided that condition 2 of theorem 1, i.e. (9b), is satisfied. Now, the left-hand side of (9b) can be expressed as: 
From (15b), condition 2 of Theorem 1 is proven. This completes the proof of Theorem 1.
As a consequence of Theorem 1, we present conditions equivalent to that given in [1] for the existence and stability of functional observers with an order m p = . The designing of a stable pth-order functional observer replies upon finding for a matrix R so that both conditions 1&2 of theorem 1 are satisfied. In the following, a simple way for choosing R is provided such that condition 1 is always satisfied and the observer design problem is reduced to checking only the detectability condition (9b).
If R is chosen to be linearly independent of 
Step 1: Choose R according to (21). Hence use (10a) to obtain 2 L .
Step 2: Obtain N and G from (17b) and (17c), respectively.
Step 3: Use (17a) to derive Z and a stable matrix E.
Step 4: Use (16) to obtain 1 L .
Step 5: Matrices H, M and Q are given in (7). 
) then the order of the observer (2) is required to increase at least by 1. Accordingly, matrix R should be choose as follows 
has full row-rank. , which is ensured under the assumption that the (C,A) is observable. Therefore, based on the above development, the following design procedure is proposed.
Design Procedure 2:
Step 1:Set the order of the observer (2) as
Step 2: Choose matrix R according to (24) . Hence use (10a) to obtain 2 L .
Step 3: Use (22) The design procedure 1 is now used to design a minimal stable third-order functional observer.
Step 1: Matrices R and 2 L are obtained as follows The observer design is thus completed and a minimal stable third-order functional observer is obtained. It is easy to confirm the satisfaction of equations (3)-(4) by substituting the above derived matrices into (3)-(4). It is worth noting that the algorithms provided in [1] - [13] can not yield a stable thirdorder functional observer for this example. The design procedure presented in this note is straightforward and involves little computation.
IV. CONCLUSION
This note has extended the work of [1] and presented new conditions for the existence of a general pth-order functional observer. In addition, simple procedures for the synthesis of reduced-order functional observers have been given. A numerical example has been given to illustrate the attractiveness of the new design procedures.
